



















BOUNDED GAPS BETWEEN PRIMES OF A SPECIAL FORM
HONGZE LI AND HAO PAN
Abstract. For each m ≥ 1, there exist infinitely many primes p1 < p2 < . . . <
pm+1 such that
pm+1 − p1 = O(m4e8m)







prime divisors for each j.
1. Introduction
A recent breakthrough in prime number theory concerns bounded prime gaps.
In [12], with the help of a refined GPY sieve method [1] and an enhanced Bombieri-
Vinogradov theorem, Zhang proved that
lim inf
n→∞
(pn+1 − pn) ≤ 7× 107, (1.1)
where pn denotes the n-th prime. Subsequently, the bound 7 × 107 has been
rapidly reduced (cf. [8]). In [6], using a multi-dimensional sieve method, May-
nard improved the upper bound 600. Furthermore, using the new sieve method,
Maynard and Tao independently proved that
lim inf
n→∞
(pn+m − pn) ≤ Cm3e4m (1.2)
for any m ≥ 1, where C is an absolutely constant.
In fact, using the discussions of Maynard and Tao, one can get a bounded-gaps
type result for any subsequence of primes which satisfies the Bombieri-Vinogradov
type mean value theorem. Let
P(2)d = {p : p is prime and Ω(p + 2) ≤ d},
where Ω(n) denotes the number of prime divisors of n. No asymptotic formula is
known for the number of the primes in P(2)d less than x, though the well-known
Chen theorem asserts that
|P(2)2 ∩ [1, x]| ≫
x
(log x)2
provided x is sufficiently large.
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In this paper, we shall extend the Maynard-Tao theorem to the primes in P(2)d .
Our main result is
Theorem 1.1. Suppose that m ≥ 1. Then there exist infinitely many primes
p1 < p2 < . . . < pm+1 such that
pm+1 − p1 = O(m4e8m)
and






for each 1 ≤ j ≤ m+ 1. In particular, there exist infinitely many distinct
p1, p2 ∈ P(2)59
such that
|p2 − p1| ≤ 3× 109.
Throughout this paper, let µ denote the Mo¨bius function, φ denote the Euler
totient function and let τ(n) =
∑
d|n 1 be the divisor function. And unless indicated
otherwise, the constants implied by ≪, ≫ and O(·) are always absolute.
2. The Maynard sieve method involving the divisor function
Define the area
∆k0,r = {(t1, . . . , tk0) : tj ≥ 0, t1 + · · ·+ tk0 ≤ r}.
Suppose that f(t1, . . . , tk0) is a smooth function supported on ∆k0,1. Let
F (t1, . . . , tk0) =
∂k0f(t1, . . . , tk0)
∂t1 · · ·∂tk0
and
Gm(t1, . . . , tk0) =
∂F (t1, . . . , tk0)
∂tm
.
Suppose that {h1, . . . , hk0} is admissible, i.e., for any prime p, h1, . . . , hk0 don’t
cover all residues modulo p. Suppose that x is sufficiently large and xc0 ≤ R ≤





Since {h1, . . . , hk0} is admissible, we may choose 1 ≤ b ≤W such that (b+hj ,W ) =
1 for each j.
The following result is motived by the work in [2, 4, 5].
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Theorem 2.1. For 1 ≤ m ≤ k0,
∑
x≤n<2x
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t2mGm(t1, . . . , tk0)






































SW = {d : (d,W ) = 1}.






























































Since λd1,...,dk0 = 0 unless d1 · · · dk0 ≤ R, it is not difficult to see that the last











j 6=m[dj , ej])∏













j 6=m[dj, ej ])∏



































where the vector ~u = (u1, . . . , uk0) and
η(~u)≪ (1 + |~u|)−A (2.7)
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(1 +O(p−1−1/ logR)) = (logR)O(1),
in view of (2.7), we may assume that |~u|, |~v| ≤ √logR. Then




































































































































































) · W k0+1
φ(W )k0+1
,
where ζ(s) is the Riemann zeta function and we used the fact
ζ(1 + s)−1 = s+ o(s)
as s→ 0. Hence
M1 =











(1 + ium + 1 + ivm)2
∏
j 6=m
(1 + iuj)(1 + ivj)
1 + iuj + 1 + ivj
.
Clearly
∂k+1f(t1, . . . , tk0)





































Gm(t1, . . . , t
′
m, . . . , tk0)
2dt′m
)







1 + ium + 1 + ivm
)





(1 + ium + 1 + ivm)2
∏









Gm(t1, . . . , t
′
m, . . . , tk0)
2dt′m
)




t′mGm(t1, . . . , t
′
m, . . . , tk0)
2dt1 · · · dt′m · · · dtk0.
























































































































































= s + o(s)
as s→ 0. So
M2 =










(1 + ium + 1 + ivm)3
∏
j 6=m
(1 + iuj)(1 + ivj)
1 + iuj + 1 + ivj
and
L3(~u,~v) =
(1 + ium)(1 + ivm)
2




(1 + iuj)(1 + ivj)
1 + iuj + 1 + ivj
.
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Gm(t1, . . . , t
′
m, . . . , tk0)F (t1, . . . , t
′











1 + ium + 1 + ivm
)













All are done. 
3. Proof of Theorem 1.1
Lemma 3.1. For k0 ≥ 1, there exist h1 < h2 < · · · < h2k0 such that h2j = h2j−1+2
for 1 ≤ j ≤ k0,
{h1, h2, . . . , h2k0−1, h2k0}
is admissible and
h2k0 − h1 = O(k0(log k0)2).
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Proof. Let z = Ck90 where C is a sufficiently large constant. Let
S = {q ∈ [z, 2z] : all prime divisors of q(q + 2) are greater than 2k0}.
By the Jurkat-Richert theorem (cf. [3, Theorem 8.4]), we know that
z
(log z)2
≪ |S| ≪ z
(log z)2
.
Thus there exists n ∈ [z − L, 2z] such that
|[n, n+ L] ∩ S| ≥ k0,
where L = 2zk0/|S|. Choose
h1, h3, . . . , h2k0−1 ∈ [n, n+ L] ∩ S
and let h2j = h2j−1 + 2. We are done. 
Suppose that x is sufficiently large and let R = x1/4−1/(1000m) . Define
θ(n) =
{





Suppose that {h1, . . . , h2k0} is an admissible set described in Lemma 3.1 and
f(t1, . . . , t2k0) is a smooth function supported on ∆2k0,1. We need to show that
the sum∑
x≤n<2x


























and C2 is a constant depending on k0 to be chosen later. Then there exist distinct







i.e., n + h2ji−1 is prime and τ(n + h2ji) < C2. Since µ(n+ h2ji) 6= 0, we get that
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F (t1, . . . , t2k0)dt2k0
)2



























F (t1, . . . , t2k0)
2dt1 · · · dt2k0 , (3.4)
where
F (t1, . . . , t2k0) =
∂2k0f(t1, . . . , t2k0)
∂t1 · · ·∂t2k0
.
Clearly for any 1 ≤ j0 ≤ 2k0 and prime p ∈ (w, x1/2],
∑
x≤n<2x






























According to the Maynard sieve method, we have
∑
x≤n<2x
















F (t1, . . . , t2k0)
2dt1 · · · dt2k0 +O(xǫ)






















t1, . . . , t2j0 +
log p
logR
, . . . , t2k0
)2






n≡b (mod W )
































Since w tends to infinity as x→∞, we have
∑
x≤n<2x
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Let h1(t1, . . . , t2k0) be a smooth function with |h1(t1, . . . , t2k0)| ≤ 1 such that
h1(t1, . . . , t2k0) =
{
1, if (t1, . . . , t2k0) ∈ ∆2k0,1−δ1 ,
0, if (t1, . . . , t2k0) 6∈ ∆2k0,1.
Furthermore, we may assume that∣∣∣∣∂h1∂tj (t1, . . . , t2k0)
∣∣∣∣ ≤ 1δ1 + 1
for each (t1, . . . , t2k0) ∈ ∆2k0,1 \∆2k0,1−δ1 and 1 ≤ j ≤ 2k0.
Let






It is easy to verify







δ2 ≥ log k0
2k0
. (3.7)
Let h2(t) be a smooth function with |h2(t)| ≤ 1 such that
h2(t) =
{
1, if δ3 ≤ t ≤ T − δ2,
0, if t > T or t < 0,











for t ∈ [0, δ3]
Let
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Since
1− A




according to the discussions of Maynard [6], we have∫
∆2k0,1
F ◦(t1, . . . , t2k0)








F ◦(t1, . . . , t2k0)dt2k0
)2
dt1 · · · dt2k0−1
















1, if 0 ≤ t ≤ T − δ2,
h2(t), otherwise,
and







F ∗(t1, . . . , t2k0) = F (t1, . . . , t2k0)





F (t1, . . . , t2k0−1, t2k0)dt2k0
)2






F ∗(t1, . . . , t2k0−1, t2k0)dt2k0
)2
dt1 · · ·dt2k0−1. (3.10)
Consider
∆2k0,r,s = {(t1, . . . , t2k0 , t′2k0) : t1, . . . , t2k0 , t′2k0 ∈ [0, s], t1+· · ·+t2k0 , t1+· · ·+t′2k0 ≤ r}.
It is easy to see that
vol(∆2k0,1−δ1,(T−δ2)/(2k0))
vol(∆2k0,1,T/(2k0))
≥ (1− δ1)2k0+1(1− δ2T−1)2k0+1 ≥ 1− 2.24k0δ1,
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where vol(∆) denotes the volume of ∆. We have
F ∗(t1, . . . , t2k0) = F
◦(t1, . . . , t2k0)
provided (t1, . . . , t2k0) ∈ ∆2k0,1−δ1 and t1, . . . , t2k0 ∈ [0, (T − δ2)/(2k0)]. Also note




F ∗(t1, . . . , t2k0−1, t2k0)dt2k0
)2




F ◦(t1, . . . , t2k0−1, t2k0)F
◦(t1, . . . , t2k0−1, t
′




F ◦(t1, . . . , t2k0−1, t2k0)F
◦(t1, . . . , t2k0−1, t
′
2k0






F ◦(t1, . . . , t2k0)dt2k0
)2
dt1 · · · dt2k0−1. (3.11)
It is easy to check that
1− 2.25k0δ1 = 1− 2.25k0
4.5k0 log k0
≥ log(2k0)− 2 log log(2k0)− 2.5
log(2k0)− 2 log log(2k0)− 2 .




F (t1, . . . , t2k0)dt2k0
)2






F ◦(t1, . . . , t2k0)dt2k0
)2
dt1 · · · dt2k0−1






Using (3.3), (3.5), (3.9) and noting that
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G2k0(t1, . . . , t2k0) =
∂F (t1, . . . , t2k0)
∂t2k0
=
























By the Cauchy-Schwarz inequality,
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t2k0G2k0(t1, . . . , t2k0−1, t2k0)






























































































































· 1.5 log k0, (3.17)
by recalling that A ≥ 0.69 log k0 and 1 + AT = 2k0 · (log(2k0))−2.
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(1 + 2k0A|r − t1 − · · · − t2k0−1|)2
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Thus applying Theorem 2.1, for any 1 ≤ j ≤ k0, we have
∑
x≤n<2x






























Furthermore, combining (3.12) and (3.13), we have
∑
x≤n<2x



































































Finally, let m = 1 so that k0 = e
16 ≈ 8.9× 106 by (3.1). By the calculations of
Nicely [7] and Silva [10], there exist more than k0 twin-prime pairs in the interval
[2 × 107, 3 × 109]. Let (h2j−1, h2j), j = 1, . . . , k0 be distinct twin-prime pairs in
[2 × 107, 3 × 109]. Clearly {h1, . . . , h2k0} is admissible. Thus in view of (3.22), for
arbitrarily large x, there exist n ∈ [x, 2x] and 1 ≤ j1 < j2 ≤ k0 such that n+h2j1−1,
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n+ h2j2−1 are primes and
Ω(n + h2j1), Ω(n + h2j2) ≤
16
log 2
+ 36.9 < 60,

Remark. Suppose that k0 ≥ m2e4m+8 and {h1, . . . , hk0} is admissible. Then we also
have ∑
x≤n<2x


















where C3 = 512k
3
0 log k0. Hence, there exist infinitely many n such that
{n + h1, n+ h2, · · · , n+ hk0}
contains at least m+ 1 primes and
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